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We study the effect of electron-acoustic phonon interactions in twisted bilayer graphene on resistiv-
ity in the high-temperature transport and superconductivity in the low-temperature phase diagram.
We theoretically show that twisted bilayer graphene should have an enhanced and strongly twist-
angle dependent linear-in-temperature resistivity in the metallic regime with the resistivity magni-
tude increasing as the twist angle approaches the magic angle. The slope of the resistivity versus
temperature could approach one hundred ohms per kelvin with a strong angle dependence, but with
a rather weak dependence on the carrier density. This higher-temperature density-independent
linear-in-T resistivity crosses over to a T 4 dependence at a low density-dependent characteristic
temperature, becoming unimportant at low temperatures. This angle-tuned resistivity enhance-
ment arises from the huge increase in the effective electron-acoustic phonon coupling in the system
due to the suppression of graphene Fermi velocity induced by the flatband condition in the moire´
superlattice system. Our calculated temperature dependence is reminiscent of the so-called ‘strange
metal’ transport behavior except that it is arising from the ordinary electron-phonon coupling in
a rather unusual parameter space due to the generic moire´ flatband structure of twisted bilayer
graphene. We also show that the same enhanced electron-acoustic phonon coupling also mediates
effective attractive interactions in s, p, d and f pairing channels with a theoretical superconduct-
ing transition temperature on the order of ∼5 K near magic angle. The fact that ordinary acoustic
phonons can produce exotic non-s-wave superconducting pairing arises from the unusual symmetries
of the system.
I. INTRODUCTION
The remarkable recent discovery[1, 2] of the existence
of correlated insulating phases and superconductivity in
twisted bilayer graphene (TBG) has ushered in a new
era in solid state physics where the twist angle θ between
two two-dimensional (2D) layers of graphene serves as
the tuning parameter, similar to carrier density (n) or
magnetic field (B), in controlling the electronic proper-
ties of a system. The initial dramatic discovery has al-
ready been reproduced and expanded in follow-up pub-
lications from other groups [3]. A huge number of the-
oretical papers have followed the experimental discovery
propounding many different aspects of TBG [4–31], and
the subject is in a flux with many more results soon to
follow. In particular, a consensus, by no means univer-
sal, is developing that the ground states of TBG near
the magic angle are ‘strongly correlated’ and ‘Mott-like’
in the sense that many-body interaction effects are driv-
ing the 2D metallic Fermi liquid ground state into a
gapped insulator with a superconducting instability de-
veloping as one dopes slightly away from these insulating
states, similar perhaps to what happens in cuprate high-
temperature superconductors. If so, then studying the
electronic properties of TBG could shed light not only
on the properties of strongly interacting graphene, but
also perhaps of strongly interacting cuprates (and other
strongly correlated 2D materials) where strong correla-
tion produces interesting non-perturbative physics. Un-
derstanding properties of TBG therefore transcends just
the physics of graphene and takes us possibly into the
regime of strongly correlated materials where theoretical
progress has been challenging.
The current work takes a different perspective and asks
about the nature of TBG transport properties at a higher
temperature (T ) and away from the moire´ miniband
edge, where the system behaves as an effective metal with
the resistivity ρ(T ) increasing with increasing T [1–3].
This metallic behavior [1–3] happens for T > Tm, where
Tm(n, θ) on the order of few kelvins is a density and angle
dependent crossover temperature with the subscript m
denoting ‘metal’, i.e., dρ/dT > 0 for T > Tm. One of our
primary goal is to understand the behavior of ρ(T, n, θ)
in this T > Tm effective metallic regime. We emphasize
that Tm is above the temperature scales of the supercon-
ducting or the correlated insulating ground states of the
system. The behavior of resistivity in this TBG effective
metallic phase is of fundamental importance because the
corresponding situation in cuprates (the metallic resistiv-
ity above the superconducting dome) has been dubbed a
‘strange metal’ which is thought to be a hallmark of a
non-Fermi-liquid (NFL) with very high resistivity and
a linear-in-T resistivity persisting to rather low temper-
atures. The properties and the origin of strange metals
are theoretically not understood, but are thought to arise
from the strongly interacting nature of the correspond-
ing strongly correlated ground state beyond any Fermi-
liquid (FL) paradigm. It seems that the qualitative be-
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2havior of TBG ρ(T ) is similar to that of the cuprates
with a very high (thousands of times larger than that
of regular monolayer graphene) and linear-in-T resistiv-
ity reminiscent of a putative NFL strange metal [32, 33]
. If indeed the TBG is a strange metal for T > Tm,
this would be a tremendous advance in our understand-
ing of strange metals since the transport properties of
the parent material (i.e. graphene) are well-understood
both qualitatively and quantitatively [34–36]. There is
also a theoretical possibility that the similarity between
the phase diagrams of TBG and cuprates (i.e. nearby
occurrences of insulating and superconducting phases as
a function of doping as well as the presence of a higher-
temperature linear-in-T resistivity above the supercon-
ducting region) could be accidental, and one ultimate
goal of theory should be to clarify possible fundamen-
tal connections (or not) between these two very different
classes of systems. Our theoretical work is entirely on
TBG, and we mention cuprates because the similarity
between TBG and cuprate properties was pointed out in
Refs. [1].
In the current work we develop a quantitative, albeit
approximate, theory for ρ(T, n, θ) in TBG by considering
electron-phonon scattering within the context of contin-
uum TBG moire´ band structure. We neglect all effects
of disorder and electron-electron interaction in this ze-
roth order theory assuming that the system is extremely
clean (no disorder) and that electron interaction does not
directly affect transport at the finite doping samples of
interest in the TBG metallic regime (i.e. we stay slightly
away from the Dirac point since the TBG strange metal
behavior manifests itself only at finite carrier densities
away from the charge neutral Dirac point). We also ne-
glect all phonon modes other than the low energy in-plane
acoustic phonon modes in our consideration. Our rea-
sons for neglecting other phonon modes are the following:
(1) the in-plane acoustic phonons by themselves provide
a quantitatively accurate description for the tempera-
ture dependent resistivity in regular monolayer graphene
[37, 38]; (2) by keeping just one kind of phonons, which
are undoubtedly present in the system and are opera-
tional at low energies by virtue of their long wavelength
acoustic dispersion (i.e. no gap as for optical phonon
modes), we provide a clean parameter-free theoretical
description, which is easy to compare with experiment
and therefore can be improved in the future by including
more complicated phonon modes, if necessary.
We show that the incorporation of the TBG band
structure into the electron-phonon scattering theory pro-
duces a ρ(T, n, θ), which has a linear-in-T behavior down
to T ∼ 10 K (depending on density) and has a the-
oretically calculated resistivity value, using monolayer
graphene parameters for electron-phonon coupling and
sound velocity, on the order of 500 ohms at T ∼ 5−10 K.
(This is roughly 1000 times larger than the correspond-
ing monolayer graphene resistivity induced by exactly the
same electron-acoustic phonon scattering at these tem-
peratures.) Our calculated dρ/dT reaches order of 100
ohms/K for θ ∼ 1.1◦. In our model calculation, the magic
angle θmagic is about 1.025
◦ where the TBG Dirac veloc-
ity vanishes [39]. (The precise theoretical value of the
magic angle depends on the model Hamiltonian and pa-
rameter values. Experiments [1–3] suggest that the magic
angle is between 1◦ and 1.2◦.) These findings appear to
be in qualitative and semiquantitative agreement with
experimental results [1–3, 32, 33]. Our theoretically ob-
tained TL (> Tm), above which the linearity in ρ(T ) de-
velops, is a few kelvins depending on the doping density.
Thus, we argue that there is a reasonable case to be made
that the main contribution to the strange metal TBG be-
havior arises from electron-phonon interaction within the
FL paradigm of doped graphene although we certainly
cannot rule out additional effects arising from strong cor-
relations since electron-electron interactions (as well as
disorder and additional phonon modes) are neglected a
priori in our theory. Our calculated resistivity should be
considered a lower bound to the measured values, and
indeed, this appears to be the case.[32, 33]
A second, and equally important, part of our work
is the investigation of TBG superconductivity arising
from electron-acoustic phonon interaction in the flatband
moire´ superlattice situation. We use the same electron-
acoustic phonon coupling to study the superconducting
instability at low temperatures, motivated by the pos-
sibility that the high-temperature phonon induced giant
linear-in-T resistivity and the low-temperature supercon-
ductivity could arise from the same electron-phonon in-
teraction. This is well-known in the context of normal
metals (e.g. Al, Pb) where the electron-acoustic phonon
couplings extracted from the high-temperature resistiv-
ity agree well (usually within 10%) with the ones ex-
tracted from tunneling measurements in the supercon-
ducting state.[40] In graphene, however, the presence of
the pseudospin modifies the situation in a subtle man-
ner, and the dimensionless electron-phonon couplings ob-
tained from the high-temperature resistivity and the su-
perconducting Tc differ by a factor of 2 − 4 as we will
show in the current work. Using a microscopic theory for
superconductivity, we show that acoustic phonons gen-
erate an effective attractive interaction not only in the
conventional s-wave channel, but also in the unconven-
tional p-, d- and f -wave channels; the attraction in flat-
bands near magic angle is strong enough to produce a
superconducting transition temperature Tc on the order
of ∼ 5 K. Within this model, spin singlet s-wave and
spin triplet f -wave pairings have degenerate Tc because
each valley has its own spin rotational symmetry; for the
same reason, p- and d-wave pairings are also degenerate.
Our study presents a novel example where conventional
phonon fluctuations can lead to exotic unconventional
pairings, including spin triplet channels. More experi-
mental work will be necessary to determine the pairing
symmetry of the reported TBG superconducting state,
but our work points to the possibility of exotic supercon-
ductivity from an ordinary paring mechanism just as our
theory of resistivity points to a strange metallic behavior
3arising from an ordinary scattering mechanism. We em-
phasize that both effects studied in this paper arise from
moire´ superlattice induced strong enhancement of the ef-
fective electron-phonon TBG coupling through the mech-
anism of the flatband induced strongly twist angle depen-
dent suppression of the TBG Fermi velocity. Thus, both
physical effects (i.e. strange metallicity and exotic super-
conductivity) show very strong twist angle dependence.
We believe that our work clearly establishes the quali-
tative and quantitative importance of electron-acoustic
phonon interaction being of great potential importance
in the physics of TBG.
This paper is organized as follows. We present the the-
ory of phonon-induced giant linear-in-T resistivity (i.e.
strange metallicity) in Sec. II and the theory of acoustic-
phonon-mediated exotic superconductivity in Sec. III.
The same electron-acoustic phonon interactions, as spec-
ified in Sec. III, are used in both the resistivity and super-
conductivity theory. We include both the layer symmet-
ric and antisymmetric acoustic phonon modes, because
both are gapless in TBG, as explained in Sec. III. In
the theory of resistivity, we use an effective Dirac Hamil-
tonian with a renormalized velocity for electron energy
spectrum, in order to obtain analytical results. The Dirac
dispersion is an approximation that is valid for Fermi
energy near the charge neutrality point (Dirac point).
Therefore, we limit our study of resistivity to low carrier
density (below 1012 cm−2). However, in the theory of
superconductivity, we use the actual moire´ band struc-
ture throughout the moire´ Brillouin zone. All details of
the moire´ band structure, including Van Hove singular-
ities, are faithfully incorporated into the superconduc-
tivity theory. This allows us to calculate the supercon-
ducting critical temperature Tc as a function of filling
factor for the full doping range of the flatbands. Finally,
a brief conclusion is given in Sec. IV. Most of the tech-
nical details of the theoretical calculations are given in
Appendices A, B and C, so that the main part of the pa-
per emphasizes the experimental consequences and the
physical mechanisms underlying our theory without the
clutter of too many equations.
II. PHONON-INDUCED GIANT LINEAR-IN-T
RESISTIVITY
We start by a brief review of the standard theory for
acoustic phonon scattering induced ρ(T, n) in monolayer
graphene (MLG) developed by two of the authors [37, 41]
and well-verified experimentally[38]. This theory shows
that the high-temperature resistivity of MLG goes as:
ρMLG =
piD2
gsgve2~ρmv2F v2ph
kBT (1)
where D, vF , vph, ρm are respectively the graphene defor-
mation potential from electron-phonon coupling, Dirac
velocity, phonon (or sound) velocity, and atomic mass
density. gs and gv respectively account for the spin and
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FIG. 1. (a)Schematic illustration of the moire´ band struc-
ture (blue solid lines) in TBG. The dashed lines represent
the pristine Dirac cones associated respectively with top and
bottom graphene layers in the same valley. The interlayer
hybridization reduces the velocity at Dirac points from the
monolayer value vF to the renormalized value v
∗
F . (b) v
∗
F /vF
as a function of θ from a full moire´ band structure calculation
as described in Appendix A. The horizontal dashed line indi-
cates the phonon velocity vph/vF , which is assumed to remain
the same when θ changes in our theory.
valley degeneracy, and both are 2 in graphene. Equa-
tion (1) applies both below and above the Fermi tem-
perature TF of graphene as long as the phonons are in
the high-temperature thermal equipartition regime, i.e.,
for T > TBG = 2~vphkF /kB , where TBG is the so-
called Bloch-Gru¨neisen temperature defining the energy
of acoustic phonons having a wavenumber equal to twice
of the Fermi wavenumber kF . In reality, Eq. (1) already
applies for T > TBG/4.[37, 41] For low temperatures,
ρ(T ) arising from electron-phonon scattering decreases
strongly with ρ ∼ T 4 for T  TBG [37, 38, 41]. This is
the Bloch-Gru¨neisen regime where electron-phonon scat-
tering is highly inefficient in causing resistive scattering
as backscattering by phonons is strongly suppressed due
to the quantum reduction in the phonon thermal oc-
cupancy. The Bloch-Gru¨neisen regime is not particu-
larly relevant for the current work as we are interested in
understanding the higher temperature linear-in-T trans-
port for T > TBG/4 where electron-phonon scattering
should dominate. Other resistive scattering mechanisms
(e.g. disorder, electron-electron interactions) are likely
to dominate the low-temperature resistivity where ρ(T )
is no longer linear in temperature.
It turns out, as shown in this work, that Eq. (1)
formally applies to TBG as the leading-order high-
temperature resistivity formula as long as vF (and other
parameters such as D) are redefined taking into account
the moire´ superlattice structure of the twisted system
(Appendix A). The main effect in TBG is a drastic reduc-
tion in the Fermi velocity near the magic angle [39]. In
particular, in an ideal situation (not realized experimen-
tally so far), the renormalized Dirac velocity v∗F in TBG
approaches zero at the magic angle, implying that ρ(T ) in
Eq. (1) would approach infinity as 1/v∗2F . However, in the
Dirac fermion model with linear dispersion, v∗F > vph is
necessarily required to satisfy energy-momentum conser-
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FIG. 2. (a)ρ(T ) for three different twist angles. Electron
density n is 4× 1011cm−2 (b) dρ/dT as a function of θ. High
temperatures T > TBG/4 is assumed, so dρ/dT is independent
of density based on Eq. (2). (c) and (d) ρ(T ) for different
electron density n. θ is 1.1◦ in (c) and 1.2◦ in (d). Monolayer
graphene phonon parameters (given in the text) are used.
vation in the intra-band electron-phonon scattering pro-
cesses, as discussed in detail in Appendix B. In prac-
tice, we find that Eq. (1) provides a reasonable esti-
mation when v∗F > 1.5vph [see Appendix B]. Therefore,
here we focus on twist angles larger than 1.1◦, at which
v∗F ≈ 1.5vph ≈ 0.03vF . Putting in the actual values of
graphene parameters in Eq. (1), one finds that in MLG
dρ/dT ∼ 0.1 ohm/K for T > TBG[37], which also agrees
with experiment[38], and therefore, in TBG the value of
dρ/dT could be of order 100 ohms/K when v∗F = 0.03vF
is used. If phonon velocity vph in TBG is also renormal-
ized, for example by a reduction of a factor of 2, dρ/dT
values exceeding 1000 ohms/K are possible in TBG. A
recent first-principles study [31] shows that the phonon
spectrum of twisted bilayer graphene is insensitive to the
moire´ structure even at small twist angles (∼ 1◦). There-
fore, We do not consider any possible modification of the
phonon properties by the moire´ superlattice.
In addition to the very large resistivity another charac-
teristic of strange metals is the linear-in-T resistivity per-
sisting to rather low temperature. This is guaranteed in
our theory by the fact that TBG = 2~vphkF /kB could be
rather small at low carrier densities. Note that TBG is in-
dependent of graphene velocity. Putting in vph = 2×106
cm/s and kF =
√
pin appropriate for graphene, we find
the Bloch-Gru¨neisen temperature to be TBG = 20
√
N
K where N is the doping density (with respect to the
charge neutrality point) measured in units of 1011 cm−2.
Since the linearity-in-T persists to roughly TL ∼ TBG/4,
we anticipate ρ(T ) to remain linear down to 5 ∼ 10
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FIG. 3. Scattering rate ~/(kB〈τ〉) as a function of tempera-
ture T . Different solid lines are for different twist angles in
(a) but for different density n in (b) and (c). In (a), n is
4 × 1011cm−2. θ is 1.1◦ in (b) and 1.2◦ in (c). The black
dashed line in each plot represents the Planckian scattering
rate ~/(kB〈τ〉) = T . Monolayer graphene phonon parameters
(given in the text) are used.
K for n = 1011 ∼ 1012 cm−2. (We note that Tm and
TL > Tm in our notations are characteristic temperature
scales above which dρ/dT > 0 and dρ/dT ∼ constant,
respectively.) Thus, the resistivity of TBG is both ex-
tremely large and approximately linear down to low tem-
peratures (TL) in the metallic regime, with both effects
arising from the gigantic enhancement in the effective
electron-phonon coupling of the system due to the flat-
band induced suppression of the graphene Fermi velocity
in the moire´ band structure. The strange resistivity here
is thus quite an ‘ordinary strangeness’.
We have carried out a calculation of the TBG metallic
resistivity arising from electron-phonon interaction tak-
ing into account the TBG moire´ band structure, explic-
itly verifying that Eq. (1) applies to TBG as long as vF
and other parameters are appropriately modified incor-
porating flatband moire superlattice effects. The theory,
described in Appendices A and B, includes both the ac-
tual Fermi velocity suppression and the modification of
the electron-phonon matrix element due to the modified
moire´ band structure as a function of the twist angle θ,
and the resistivity is then given by:
ρ =
32F (θ)D2kF
gsgvgle2ρmv∗2F vph
I(
T
TBG
),
I(z) =
1
z
∫ 1
0
dxx4
√
1− x2 e
x/z
(ex/z − 1)2 ,
(2)
where gs, gv and gl respectively account for the spin,
valley and layer degeneracy and all are 2 in TBG. gl is
an extra factor of 2 compared with MLG arising from
5the two layers in TBG. Correspondingly kF is
√
pin/2,
and TBG and TL in TBG are reduced by a factor of
√
2
with respect to MLG given the same density n. v∗F is
the reduced Dirac velocity in TBG, which is obtained
from the full moire´ band structure calculation. The form
factor F (θ) accounts for the change in electron-phonon
matrix element of TBG, and is calculated using a per-
turbation theory as shown in Appendix A. In general,
we find 1 > F > 0.5, and thus, the matrix element ef-
fect is not quantitatively large compared with the huge
Fermi velocity suppression effect. Equation (2) applies
to low carrier density (n ∼ 1012 cm−2 or below) so that
continuum Dirac Hamiltonian approximation is still valid
for TBG, and to velocity v∗F greater than 1.5vph (equiva-
lently, θ > 1.1◦) where quasielastic approximation works,
as shown in Appendix B. For v∗F < 1.5vph, Equation (2)
still captures the qualitative behavior of ρ(T ), although
it overestimates the value of ρ. A transport theory that is
applicable for any ratio of v∗F /vph is given in Appendix B.
For large θ, we reproduce the known results of Refs.
[37, 41] for ordinary MLG, but for θ close to 1.1◦ the resis-
tivity results deviate appreciably from those in MLG. We
show our calculated results for ρ(T, n, θ) in Figs. 1-3. In
Fig. 1 the schematic TBG moire´ band structure is shown.
Our interest is in a temperature range (<50 K) much
smaller than the band gap (∼500 K) induced by the moire´
superlattice so that we can neglect all the higher bands.
In Fig. 1(b) we show the calculated TBG Dirac veloc-
ity denoted as v∗F compared with the standard graphene
Fermi velocity vF = 10
8 cm/s. In Fig. 2, we show the
calculated ρ(T, n, θ) as a function of temperature for var-
ious angles and for various doping densities. We also
show the calculated dρ/dT as a function of the twist an-
gle. dρ/dT reaches ∼100 ohms/K to be compared with
the value of 0.1 ohm/K for ordinary monolayer graphene
at high temperatures.[37, 38, 41] In fact, the calculated
dρ/dT from Eq. (2) keeps on increasing monotonically
with decreasing twist angle before reaching θmagic, but
Eq. (2) is no longer applicable for v∗F < vph. The den-
sity dependence of our results is generally weak, and in
fact, at high enough temperatures, T > TBG, the den-
sity dependence essentially disappears. The weak (very
strong) dependence of the linear-in-T resistivity on den-
sity (twist angle) is a specific verifiable prediction of our
theory. The density dependence is not very weak at low
temperatures since TBG ∼
√
n, and the true density-
independent linear-in-T behavior of ρ(T ) is only appar-
ent for T > TL ∼ TBG/4. We emphasize that our results
are obtained without any free adjustable parameters us-
ing the known values for graphene electron-phonon cou-
pling: D=25 eV, ρm = 7.6× 10−8 g/cm2, vph = 2× 106
cm/s. There is some disagreement in the literature about
the precise value of the graphene deformation potential
constant with D=10∼40 eV being quoted [42–49]. Our
results can be modified to take into account a different
deformation potential constant simply by multiplying the
calculated resistivity by (D/25)2. We emphasize that we
do not take into account the possibility of any modifi-
cation in the phonon properties (e.g. vph or D) due to
the moire´ superlattice structure– any such modification
would change the quantitative values of the resistivity,
but not the trends as a function of T , n, and θ.
We can see from Fig. 2 that ρ(T, n, θ) could be very
large, manifesting a linear dependence on T , a weak de-
pendence on n, and a strong nonlinear dependence on θ
around the magic angle [∼ 1/(θ − θmagic)2 for θ > 1.1◦].
In addition, there is an implied dependence on the de-
formation potential constant D; if the actual value of D
is 30 eV (rather than 25 eV as used in our theory), then
the resistivity increases by another factor of 1.44. Moti-
vated by the holographic concept of Planckian dissipation
which has recently been much discussed in the context of
strange metals [50–54], with the scattering rate becoming
scale independent and being defined simply by kBT , we
show in Fig. 3 our calculated scattering rate as a function
of temperature for fixed values of density and twist angle.
We note that for the angle values used for these figures
(θ = 1.1◦ to 1.3◦) and for the density (n = 2 ∼ 4× 1011
cm−2) and temperature (T up to 30K) ranges considered,
the scattering rate obeys the Planckian bound being well
below T . This is, however, a simple manifestation of the
precise values of D and vph used in the calculation– if D
(vph) is increased (decreased) by a factor of 2 − 3, the
Planckian bound is violated.
We now discuss our theory in the context of a com-
parison with the recently available TBG transport data
[32, 33] so that future theories could improve upon our
approximations in achieving better agreement with ex-
periments. The theory makes four specific qualitative
predictions for ρ(n, T, θ): (1) For T > TL, where TL is
a density dependent characteristic low temperature, the
TBG resistivity shows very strong θ-dependence; (2) the
resistivity is linear in T and is very large for small θ, al-
most diverging as θ approaches the magic angle θmagic;
dρ/dT for θ close to θmagic approaches or exceeds 100
ohm/K compared with the value of ∼ 0.1 ohm/K for the
corresponding monolayer graphene; (3) the high-T value
of dρ/dT in the linear regime is essentially independent
of the carrier density n; and, (4) TL, down to which the
linearity persists, goes as
√
n, and is approximately given
by TL ∼ 3.5
√
N K where N is the density n measured in
unit of 1011cm −2. We note that the resistivity remains
metallic, i.e. dρ/dT > 0, for T < TL down to a lower
temperature Tm (< TL) both in our theory and in ex-
periment, but the resistivity ceases to be linear in T for
T < TL.
All four of these falsifiable predictions are in excellent
qualitative agreement with the available TBG transport
experimental data [32, 33]. Given that ours is the first
and (so far) the only theory for the TBG metallic trans-
port properties, such a qualitative agreement is all we
can expect in this early stage of the subject where very
little is understood or agreed upon about the underlying
physics of the recent experimental observations.[1–3] In
particular, the strong (weak) angle (density) dependence
of the linear-in- T resistivity and the huge enhancement
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FIG. 4. (a) and (b) Log-log plot of ρ(T ) in TBG. At high
temperature T > TL, ρ is linear in T and essentially inde-
pendent of density n. At low temperature T < TL, ρ scales
as T 4. (c) and (d) The crossover temperature TL, down to
which linearity in ρ(T ) persists, as a function of density n.
The dashed lines show TBG/4, while points on the solid lines
represent TL read off from Figs. 2(c, d). TBG/4 provides an
upper bound on TL.
of dρ/dT close to magic angle follow naturally from our
theory, and are rather non-trivial theoretical predictions
which do not follow naturally from other mechanisms
such as electron-electron interaction which should show
a density dependence as it scales on dimensional ground
as T/TF , where TF , the Fermi temperature, manifests a√
n density dependence in graphene.
In Fig. 4, we clearly bring out the density indepen-
dence of the high-T transport in our theory by showing
results on a logarithmic scale for two twist angles, where
ρ(T ) at high T is manifestly density independent. The
linearity persists down to a temperature TL ∼ TBG/4,
which ranges around 2 − 8 K for n ∼ 1011 − 1012 cm−2.
Both the density independence of the linear-in-T resis-
tivity regime and the persistence of linearity down to
low temperatures are in good qualitative agreement with
experiment. We note that the log-log plots shown in
Fig. 4 indicate that the low-T behavior of ρ(T, n) for
T < TL is a T
4 Bloch-Gru¨neisen resistivity due to sup-
pressed phonon scattering. It would be interesting to
look for this low-temperature T 4 dependence of ρ(T ),
but the samples must be extremely clean to see the low-
temperature Bloch-Gru¨neisen behavior as was done in
Ref. [38] for monolayer graphene following the prediction
of Ref. [37].
We emphasize that although we obtain excellent qual-
itative and perhaps semiquantitative agreement with the
experimental results, our precise quantitative agreement
is modest. In particular, the extracted dρ/dT from the
experiment shows a quantitative disagreement with our
theory using MLG phonon parameters. This is shown in
Fig. 5(a). Typically, the observed dρ/dT is larger than
our calculated values. We can make experiment[33] and
our theory agree quantitatively if we use D/vph appear-
ing in the theory as a free parameter and adjust it by a
factor of 2 ∼ 3. While this agreement by adjusting D/vph
with a factor of 2 ∼ 3 is shown explicitly for a comparison
with the experimental data of Ref. [33] in Fig. 5(a), we
have verified the same to be true for the data of Ref. [32]
also.
A more important disagreement between our theory
and experiment [as shown in Fig. 5(b)] is the behavior of
TL, the crossover temperature down to which the linear-
in-T resistivity behavior persists. Although there is rea-
sonable agreement between theory and experiment in the
absolute magnitude of TL for n < 10
12 cm−2, this agre-
ment breaks down for n ∼ 2×1012 cm−2 where the exper-
imental TL goes down instead of increasing as TBG
√
n as
theory predicts. The reason for this disagreement is clear:
There is a Fermi surface reconstruction for n ∼ 2× 1012
cm−2 in the system (most likely Lifshitz transition of the
Fermi surface associated with the van Hove singularity
in the band structure) which is not included in our con-
tinuum theory. This Fermi surface reconstruction makes
the theory inapplicable at low temperatures near the van
Hove singularity in the spectrum, making the experimen-
tal TL to lie below the theoretical TL. The interesting
point, however, is that the theory still continues to give
a good description of ρ(T, n) at higher temperatures ex-
cept that the linearity in ρ(T ) now persists to even lower
temperatures than the theoretically predicted TL. This is
understandable based on the fact that TL ∼ TBG ∼ kF ,
and the Fermi surface reconstruction reduces the effec-
tive value of kF , thus suppressing TL making the T -linear
regime persist down to lower temperatures. The persis-
tence of the linear regime to lower temperatures than our
theoretically predicted TL around the van Hove singular-
ity is currently the most significant discrepancy between
theory and experiment.[32, 33] We believe that this arises
from the reduced effective value of kF in the vicinity of
the van Hove singularity due to the Fermi surface recon-
struction. Future theories going beyond our continuum
theory should include the van Hove singularity explicitly,
but such a theory will be numerical, losing the trans-
parency of our theory.
What could cause the factor of 2 discrepancy between
the theoretical and experimental values of D/vph in de-
manding the precise quantitative agreement between the
results of Refs.[32, 33] and our phonon theory? One pos-
sibility is that the realistic TBG phonon parameters are
affected by the moire´ superlattice effect, effectively rais-
ing D/vph by a factor of 2 with respect to the phonon
parameters of the simple monolayer graphene. The other
possibility is that other electron-phonon scattering pro-
cesses and other phonon modes also contribute to ρ(T ),
thus effectively increasing the relevant value of the pa-
rameter D/vph. At this early stage of the subject, we
judge that a quantitatively precise agreement between
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FIG. 5. (a)dρ/dT in the linear regime as a function of twist
angle. The markers are experimental data of Ref. [33] for
different TBG devices. The dashed line shows the theoretical
value dρ/dT based on Eq. (2) with D/vph set to its value
in monolayer graphene. The solid line shows the theoretical
prediction with D/vph enhanced by a factor of 3. This figure
is adapted from Ref. [33]. (b) The crossover temperature TL,
down to which ρ(T ) is linear in T , as a function of density n.
The dots are experimental data extracted from Ref. [33]. The
dashed line represents the theoretical estimation with TL =
TBG/4. The van Hove singularity occurring ∼ 2 × 1012cm−2
in TBG is not included in our continuum theory as discussed
in the text.
theory and a rapidly varying (as a function of the twist
angle) experimental resistivity is beyond reach, and we
note that our calculated resistivity should be taken as
a lower bound for the experimental resistivity. We can
also think of the theory as having one free phonon pa-
rameter D/vph, which should be extracted experimen-
tally. The fact that this extracted parameter is within
a factor of 2 of its value in monolayer graphene gives us
confidence that the theory is a reasonable zeroth order
approximation for the TBG high-temperature transport
properties. We point out in this context that the twist an-
gle for the actual experimental sample is neither precisely
known nor a fixed quantity as it varies somewhat over the
sample.[55] Since dρ/dT is a rapidly varying function of
the twist angle θ, a slight shift in the applicable θ values
could provide a quantitative agreement between theory
and experiment even without any adjustment of D/vph
for some twist angles.
We note that, although we do not show it explicitly, the
inclusion of phonon umklapp scattering does not change
our results since umklapp scattering invariably involves
phonons with momentum outside of the first moire´ Bril-
louin zone and hence with relatively high energy, which
is not particularly relevant for our results at low tem-
perature. Thus, our theory is correct to the extent the
approximate flatband Dirac model is applicable. In fact,
even a departure from the Dirac model does not affect
the results much since all it does is to impart a weak
density dependence to v∗F , but the dominant physics of
its strong suppression remains valid.
Finally, we comment on the experimentally observed
decrease of ρ(T ) for much higher T (> 50− 100K). This
has been explained[33] as arising from the thermal acti-
vation of the electrons into higher bands which are not
included in our theory. It turns out that these higher
bands are within few tens meV of the Fermi level, and
hence thermal excitation into higher bands, which have
much higher mobility leads to decreasing resistivity at
higher temperatures. Thus, phonon induced linear-in-
T resistivity with a large density independent dρ/dT is
strictly an intermediate temperature property of TBG.
III. ACOUSTIC-PHONON-MEDIATED
SUPERCONDUCTIVITY
We study superconductivity mediated by acoustic
phonons in TBG, and show that these phonon modes can
generate effective attractive interactions in four distinct
pairing channels with respectively s-, p-, d- and f -wave
symmetries. We emphasize that we include in the su-
perconducting theory exactly the same in-plane acoustic
phonon modes which we consider in Sec. II as causing the
resistive scattering leading to the linear-in-T resistivity.
In TBG, the in-plane acoustic modes associated with
each individual graphene layer are combined into the
layer symmetric and antisymmetric modes. A rigid in-
plane translation of both layers leads to a global transla-
tion of the full system, while a rigid in-plane translation
of one layer relative to the other layer generates a global
shift of the moire´ pattern in TBG. Therefore, both the
layer symmetric and antisymmetric phonon modes re-
main gapless. This is to be contrasted with AB-stacked
(Bernal) bilayer graphene, where the layer antisymmetric
modes become gapped.
We make the assumption that the layer symmetric and
antisymmetric modes with longitudinal (transverse) dis-
placement have the same phonon velocity, because inter-
layer phonon coupling is weak. Under this assumption,
it is more convenient to use the acoustic modes of indi-
vidual graphene layer, and the electron-phonon coupling
Hamiltonian is then given by:
HEPC =
D√A
∑
q,`
√
~
2ρmωq
(−iq · eˆq)(aq,` + a†−q,`)nˆq,`,
(3)
where aq,` represents the longitudinal acoustic phonon
operator with layer index `, frequency ωq = vph|q|, and
displacement unit vector eˆq. In Eq. (3), the electron den-
sity operator nˆq,` is defined as
∑
kξσs c
†
(k+q)ξσ`sckξσ`s,
where ckξσ`s is the electron operator with valley (ξ = ±),
sublattice (σ = A,B), layer (` = t, b) and spin (s =↑, ↓)
indices, and momentum label k measured relative to the
Dirac point in valley ξ and layer `. The meaning of other
terms in Eq. (3) are as follows: A is the system area, D
is the deformation potential, and ρm is the mass density.
Note that Eq. (3) is exactly the same Hamiltonian used
in Sec. II for calculating the electron-phonon interaction
induced resistive scattering.
In the Hamiltonian (3), we take into account the mod-
8ulation of on-site potential due to acoustic phonons, but
neglect their effect on the interlayer tunneling [27]; we
speculate that the latter effect is weaker due to the small-
ness of interlayer tunneling parameter (∼ 0.1 eV) com-
pared to the deformation potentialD (∼ 25 eV), although
a careful study remains to be performed for a direct
comparison between different electron-phonon scattering
processes. The current work focuses on the well-defined
model of Eq. (3) to search for the superconducting insta-
bility.
By integrating out the phonon modes, we obtain the
following phonon-mediated dynamical electron-electron
interaction Hamiltonian:
Hatt = − 1A
D2
2ρmv2ph
∑
q,ωn`
ω2q
ω2q + ω
2
n
nˆq,`nˆ−q,`, (4)
where ωn is the bosonic Matsubara frequency. To make
an order-of-magnitude estimation of the superconduct-
ing critical temperature, we neglect the frequency de-
pendence in the attractive interaction and obtain the fol-
lowing Bardeen-Cooper-Schrieffer (BCS) pairing Hamil-
tonian:
HBCS = −4g0
∑
`,σ,σ′,s,s′
∫
drψˆ†+σ`sψˆ
†
−σ′`s′ ψˆ−σ′`s′ ψˆ+σ`s,
(5)
where the attractive interaction strength is g0 =
D2/(4ρmv
2
ph) ≈ 82.3 meV nm2, ψˆξσ`s is the real-space
electron operator, and all ψˆ and ψˆ† operators are under-
stood to be at the same coarse-grained position r. In
Eq. (5), we have only retained terms that pair electrons
from opposite valleys [21].
As a side remark, we note that the experimentally mea-
sured coherence length for the superconducting state in
a twisted bilayer graphene device with 1.16◦ twist angle
is about 52 nm [1], while the corresponding moire´ pe-
riod is about 12 nm. Therefore, the measured coherence
length is four times as large as the moire´ period, which
indicates that the superconductivity in twisted bilayer
graphene is not disordered on the moire´ scale and also
provides a justification for our BCS mean-field theoret-
ical treatment. The superconducting coherence length
can be theoretically estimated as ~v∗F /(pi∆SC), where v∗F
is the renormalized velocity of the nearly flat bands and
∆SC is the superconducting gap. If we take v
∗
F to be
4 × 104 m/s (4% of the monolayer Dirac velocity), and
∆SC to be 1 K (∼0.086 meV), then the theoretical coher-
ence length is about 97 nm, which is on the same order as
the experimentally measured coherence length. This con-
sistency indicates that the Cooper pairing indeed forms
between electrons in the flat bands. These estimates for
the coherence length as compared with the unit cell size
of the moire superlattice also show that the mean field
theory is a reasonably good approximation for treating
superconductivity in TBG systems as carried out in our
theory.
In HBCS, there are four different pairing channels
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FIG. 6. Superconducting critical temperature Tc in different
channels (upper panel), and the DOS per spin and per valley
as a function of filling factor n/nM (lower panel). n/nM is 1
when the flatbands are fully filled. The twist angle is 1.05◦ in
(a) and 1.1◦ in (b).
that are distinguished by their orbital and spin charac-
ters: (1) s-wave with intrasublattice spin-singlet pairing,
i.e., ss′ ψˆ
†
+σ`sψˆ
†
−σ`s′ , where  = isy is the fully anti-
symmetric tensor; (2) p-wave with intersublattice spin-
triplet pairing, e.g., Fss′ ψˆ†+A`sψˆ†−B`s′ , where F can be
any one of the three symmetric tensors (s0 ± sz)/2 and
sx; (3) d-wave with intersublattice spin-singlet pairing,
e.g., ss′ ψˆ
†
+A`sψˆ
†
−B`s′ ; and (4) f -wave with intrasublat-
tice spin-triplet pairing, i.e., Fss′ ψˆ†+σ`sψˆ†−σ`s′ . Here s
and f pairings are only distinguished by the spin part,
and similarly for p and d pairings. Because of the sub-
lattice pseudospin chirality under the threefold rotation,
Cˆ3ψˆ
†(r)Cˆ−13 = exp[i2piσzξz/3]ψˆ
†(R3r), intersublattice
Cooper pairs carry a finite orbital angular momentum
[21] and therefore belong to p- or d-wave pairings.
The pairing Hamiltonian HBCS in Eq. (5) combined
with the single-particle moire´ Hamiltonian has spin
SU(2)×SU(2) symmetry, that is, each valley has its own
spin rotational symmetry. This enlarged symmetry en-
forces the degeneracy between intervalley spin singlet and
spin triplet pairings, i.e., s- and f -wave have degener-
ate critical temperature Tc, and the same is true for p-
and d-wave within our model. This symmetry has also
been noticed in Refs. [17, 18], which study Coulomb re-
pulsion mechanisms for superconductivity. We note that
any mechanism, either extrinsic or spontaneous, break-
ing this enlarged spin symmetry, will lift the degeneracy
between singlet and triplet channels.
We calculate Tc separately for each channel by solving
the corresponding linearized gap equation with proce-
dures outlined in Refs. [21, 56]. Details of the theoretical
analysis are given in Appendix C. We note that the pair
amplitude is identical in the two layers in the s- and
f -wave channels but phase shifted by pi in the p- and d-
wave channels [21]. Fig. 6 shows the calculated Tc as a
function of the moire´ band filling factor for two repre-
sentative twist angles close to the magic angle. Because
of the strongly enhanced density of states (DOS) for the
flatbands near magic angle, Tc in all channels can reach
order of 1∼5 K, with s- and f -wave channels being the
9leading instability.
The dimensionless BCS electron-phonon coupling con-
stant is λ∗ = g0N(εF ), where N(εF ) is the DOS per spin
and per valley at the Fermi energy εF . Typical values of
λ∗ for the DOS shown in Fig. 6 are on the order of 0.5,
indicating strong electron-phonon coupling. This should
be contrasted with the corresponding dimensionless cou-
pling constant for electron-acoustic phonon interaction in
monolayer graphene which is ∼ 0.0001 for electron den-
sity n ∼ 1012cm−2.
We note that another dimensionless electron-phonon
coupling constant λtr can be extracted from the trans-
port scattering rate [54]:
~/〈τ〉 = 2piλtrkBT. (6)
where ~/〈τ〉, as shown in in Fig. 3, is obtained from the
resistivity calculation. Remarkably, λ∗ and λtr are pro-
portional to each other with the simple relation λ∗ =
2λtr/F (θ), where F (θ) is the form factor (arising from
moire´ wave functions) that enters into the resistivity
calculation [Eq. (2)] but not into the superconducting
susceptibility calculation. Therefore, the dimensionless
electron-phonon coupling for the low-temperature super-
conductivity and for the high temperature transport scat-
tering rate should be connected to each other since both
physics is controlled by the same electron-phonon cou-
pling. The interesting new physics here is that, unlike
in ordinary metals where λtr and λ
∗ are typically within
10% of each other[40], in TBG the two couplings, al-
though related, differ by a numerical factor depending
on the twist angle. Close to the magic angle they dif-
fer roughly by a factor of 4. In monolayer graphene,
λ∗ = 2λtr, where the prefactor 2 arises because the
Dirac fermion matrix elements have different forms in the
scattering problem and the BCS pairing problem. The
flatband graphene velocity suppression leads to a giant
linear-in-T resistivity at higher temperatures with the
slope dρ/dT determined by the same enhanced electron-
phonon coupling that leads to the superconducting insta-
bility at low temperatures. We emphasize, however, that
our phonon scattering theory for the TBG strange metal
transport should apply independent of the mechanism for
superconductivity since the former applies in the metallic
regime well above Tc, where phonon scattering is always
present. Thus, even if some other mechanism supersedes
to induce superconductivity in the system independent
of electron-phonon interaction in the ground state, high-
temperature resistivity should still be dominated (to the
extent at least of a lower bound) by our theory of Sec. II.
Finally, we discuss the role played by Coulomb re-
pulsion in the low-temperature phase diagram. As
is well known, the Coulomb repulsion can suppress
the phonon-induced superconducting instability (the so-
called µ∗ effect where Coulomb repulsion reduces the ef-
fective electron-electron attractive interaction induced by
electron-phonon interactions). However, the attraction
generated by electron-acoustic phonon coupling could
overcome Coulomb repulsion through retardation effects.
A quantitative theory of the transition temperature Tc in
TBG that includes Coulomb repulsion and retardation ef-
fects remains to be developed. The net effect of Coulomb
repulsion would be to quantitatively suppress the super-
conducting Tc calculated in Fig. 6, and this suppression
is likely to be dependent on both twist angle (θ) and den-
sity (n). The Coulomb repulsion can also drive correlated
insulating states at commensurate fillings with integer
number of electrons or holes per moire´ unit cell. Here
our assumption is that the electron-phonon coupling and
electron-electron Coulomb repulsion compete with each
other, and respectively give rise to the superconducting
and correlated insulating states. At commensurate fill-
ings (1/4, 1/2, 3/4, etc.) an insulator develops suppress-
ing superconductivity completely whereas at fillings away
from these commensurate fillings, the system can man-
ifest superconductivity induced by the strong electron-
phonon interaction. We speculate that in the absence of
the insulating states, phonon-induced superconductivity
could exist throughout the moire´ flatbands for twist an-
gles close to the magic angle because of the narrow band-
width and the giant enhancement of the electron-acoustic
phonon coupling. Note that other phonon modes, con-
sidered in other works[21, 56], could also produce a finite
Tc in the system.
The spin SU(2)×SU(2) symmetry in the pairing
Hamiltonian (5) can be broken down to spin SU(2) sym-
metry by atomic scale interactions, and therefore, the
degeneracy between spin singlet and triplet pairings can
be lifted. For example, atomic scale on-site Coulomb re-
pulsion will suppress the s-wave channel but not other
channels. As shown in Ref. [21], intervalley optical
phonons generate attractive interaction in s-wave and d-
wave channels, but repulsive interaction in p-wave and
f -wave channels. Therefore, the competition between
different pairing channels depend on Coulomb repulsion
and also other phonon modes.
IV. CONCLUSION
In conclusion, we have shown that in principle it is
possible for strange metallic behavior with a large linear-
in-temperature resistivity to arise from perfectly ordi-
nary electron-phonon interaction mechanisms within the
Fermi liquid theory through flatband physics leading to
a giant electron-phonon coupling. We emphasize that
our transport theory uses the (moire´-modified) contin-
uum Dirac Hamiltonian for low carrier density and ne-
glects interaction and disorder effects, and as such is an
approximate theory, which should be thought of as a
zeroth order theory for TBG transport involving only
acoustic phonon scattering. The fact that such a simple
theory already accounts for all of the qualitative features
of the experimental data is encouraging and notewor-
thy. It should be possible for future works to system-
atically improve the transport theory by including the
effects left out in our theory (e.g. more realistic band
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structure, inclusion of van Hove singularities, inclusion
of phonon-induced inter-band scattering, higher band ef-
fects on transport, disorder effects), but we believe that
our theory establishes the leading-order transport theory
for twisted bilayer graphene as evidenced by the agree-
ment of our theory with recent experiments.
We have also shown that the same electron-phonon
interaction, leading to a large linear-in-T resistivity at
higher temperatures (> 5−10 K), can also produce super-
conductivity with Tc ∼ 1 K in s, p, d and f orbital pairing
channels. The highly unusual exotic higher-order orbital
pairing induced by electron-phonon interaction becomes
possible in this system because of the sublattice pseu-
dospin chirality and the enlarged spin rotational symme-
try in TBG. The superconducting Tc is relatively high
simply because the electron-phonon interaction is very
strong due to the band flattening. Thus, the large linear-
in-T resistivity and the high superconducting transition
temperature are connected although the dimensionless
electron-phonon coupling parameters entering the two
properties could differ by a factor of 2-4 due to the pseu-
dospin properties of twisted bilayer graphene. We em-
phasize that our theory of phonon-induced TBG super-
conductivity uses the full moire´ band structure incorpo-
rating physics beyond the effective Dirac model such as
the van Hove singularities in the density of states.
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Appendix A: Moire´ band structure and form factor
We have used the moire´ Hamiltonian of Ref. [39] to cal-
culate the moire´ band structure. The moire´ Hamiltonian
in valley +K is given by:
H+ =
(
hb(k) T (r)
T †(r) ht(k)
)
. (A1)
Here h`(k) is the Dirac Hamiltonian of layer `,
h`(k) = e
−i` θ4σz [~vF (k − κ`) · σ]e+i` θ4σz , (A2)
where ` takes value of +1 and −1 respectively for the
bottom (b) and top (t) layer, vF is the monolayer Dirac
velocity(∼ 106 m/s), and σ are sublattice pseudospin
Pauli matrices. Because of the layer relative rotation, the
valley +K Dirac cone position in layer ` is shifted to κ`.
We choose κ` to be [4pi/(3aM )](−
√
3/2,−`/2) , where
aM is the moire´ lattice constant. The interlayer tunneling
T (r) are sublattice dependent and vary spatially with
moire´ period:
T (r) = T0 + e
−ib+·rT+1 + e−ib−·rT−1, (A3)
where the moire´ reciprocal lattice vectors b± are equal to
[4pi/(
√
3aM )](±1/2,
√
3/2). The tunneling terms T0 and
T±1 are given by:
Tj = w0σ0 + w1[cos(2pij/3)σx + sin(2pij/3)σy] (A4)
where w0 and w1 are two parameters that respectively
characterize the tunneling in AA and AB/BA regions in
the moire´ pattern. Values of w0 and w1 are different
because of the layer corrugation effect. We take w0 = 90
meV and w1 = 117 meV from Ref. [57]. A representative
moire´ band structure is shown in Fig. 7 for θ = 1.2◦.
We calculate the velocity v∗F at Dirac points as a func-
tion of twist angle using the moire´ Hamiltonian (A1) with
parameters given above, and the result is shown in Fig. 1.
The Dirac velocity reaches a minimum value at angle ∼
1.025◦, which is the largest magic angle in our model
calculation. In real systems, there may be twist angle
variations and atomic relaxations, making a quantitative
comparison between theory and experiment challenging.
We have used the full moire´ band structure obtained
from Hamiltonian (A1) to calculate the superconduct-
ing transition temperature. In the resistivity calculation,
the Dirac velocity v∗F , as shown in Fig. 1, is also from
the full moire´ band structure calculation; the form fac-
tor F (θ) that accounts for the modification of the moire´
wave function due to the interlayer tunneling, however,
is calculated using a perturbation theory, which is a sim-
plification in order to achieve analytical results. The full
moire´ band structure from Eq. (A1) combined with the
electron-phonon coupling Hamiltonian (3) can be used
for a numerical study of phonon induced resistive scat-
tering in TBG, which we leave for future work. Such a
numerical study will be important in order to address de-
tailed band structure effects, such as the influence of van
Hove singularity on transport, but it should agree with
our analytical theory at low carrier density. As we discuss
in the main text, we believe that the experimental persis-
tence of linearity in the resistivity to temperatures much
lower than the nominal TBG/4 around n ∼ 2×1012cm−2
density most likely arises from the Fermi surface Lifshitz
transition induced by the van Hove singularity leading to
an effective reduction in the Fermi momentum.
To calculate F (θ), we use the perturbation theory of
Ref. [39]. This perturbation theory is justified for twist
angle θ down to the largest magic angle, because it cor-
rectly predicts the existence and the value of this magic
angle. In the perturbation theory, the two degenerate
states at the Dirac point κ+1 are given by:
|ΨA〉 = 1√
1 + β
{|Ψ(0)A 〉, |Ψ(1)A 〉, |Ψ(2)A 〉, |Ψ(3)A 〉},
|ΨB〉 = 1√
1 + β
{|Ψ(0)B 〉, |Ψ(1)B 〉, |Ψ(2)B 〉, |Ψ(3)B 〉}.
(A5)
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Here |Ψ(0)σ 〉 is the wave function associated with layer
` = +1 and momentum κ+1, while |Ψ(1,2,3)σ 〉 are wave
functions associated with the opposite layer ` = −1 and
momentum κ+1, κ+1+b+, κ+1+b−, respectively. |Ψ(0)A 〉
is (1, 0)T , where the two components in the spinor rep-
resent A and B sublattices; correspondingly, |Ψ(0)B 〉 is
(0, 1)T. Other spinors are specified as follows:
|Ψ(n)A 〉 = (−iα1, eiφnα0)T,
|Ψ(n)B 〉 = (e−iφnα0, iα1)T,
(A6)
where n is 1, 2 and 3, φn = (11 − 8n)pi/6, and αj =
wj/(~vF |κ+1|). In Eq. (A5), β is equal to 3(α20 + α21).
|ΨA〉 and |ΨB〉 are dominated by states in layer ` = +1
when the interlayer tunneling is weak (αj  1), consis-
tent with the fact that the Dirac cone at κ+1 originates
from layer ` = +1.
The Dirac cone centered at κ+1 can be described in
the basis of |ΨA〉 and |ΨB〉 using the Dirac Hamiltonian
with the renormalized velocity v∗F :
Hκ+1 = ~v∗Fk · σ, (A7)
where k is measured relative to κ+1. The wave function
for Hκ+1 can be written as:
|ζ,k〉 = 1√
2
(|ΨA〉+ ζeiφk |ΨB〉),
= (|ζ,k〉0, |ζ,k〉1, |ζ,k〉2, |ζ,k〉3),
|ζ,k〉n = 1√
2(1 + β)
(|Ψ(n)A 〉+ ζeiφk |Ψ(n)B 〉),
(A8)
where ζ = ±1 is the band index, and φk is the orientation
angle of momentum k. |ζ,k〉n is the wave function on
layer ` = +1 for n = 0, but on the opposite layer ` = −1
for n =1, 2, and 3.
We use the electron-phonon coupling in Eq. (3) to
study resistive scattering induced by phonons. The
acoustic phonons associated with different layers lead to
independent scattering processes. Therefore, the matrix
element amplitude that enters into the scattering rate
equation is:
|0〈ζ ′,k′|ζ,k〉0|2 + |
3∑
n=1
n〈ζ ′,k′|ζ,k〉n|2
=F (θ)(1 + ζζ ′ cosφkk′)/2
, (A9)
where F (θ), equal to (1+β2)/(1+β)2, is the form factor,
and φkk′ is the scattering angle between k and k
′. F is
between 0.5 and 1, and becomes 1 when the interlayer
tunneling is zero. Near the magic angle, F is close to
0.5.
Appendix B: Transport theory
We describe in detail a transport theory of the elec-
tronic resistivity ρ in TBG due to the longitudinal acous-
tic phonon scattering. Equation (2) in the main text
has been derived using the quasi-elastic approximation
[37, 41, 54]. In this approximation, the relevant phonon
energy is assumed to be much smaller than the Fermi en-
ergy, which is valid when the Dirac Fermi velocity (v∗F )
is much greater than the phonon velocity (vph). Here we
present a theory that does not rely on this approxima-
tion, and we show that Eq. (2) is accurate even when v∗F
and vph have comparable magnitude.
Because the low-energy bands in TBG have narrow
bandwidth near the magic angle, both the conduction
and valence bands can make significant contribution to
the conductivity when the temperature exceeds the Fermi
temperature. The conductivity (σtr = 1/ρ) can be de-
composed as:
σtr =
∑
ζ=±1
σζ , (B1)
where σζ is the conductivity contributed by the conduc-
tion (ζ = +1) or valence (ζ = −1) band.
Within Boltzmann transport theory, the conductivity
σζ can be calculated using the relaxation time approxi-
mation:
σζ = gsgvgle
2
∫
d2k
(2pi)2
τζ,k
v∗2F
2
(
− ∂f(εζ,k)
∂εζ,k
)
, (B2)
where εζ,k = ζ~v∗F |k|, f(εζ,k) and τζ,k are respectively
the energy, Fermi occupation number and relaxation time
of the state in band ζ at momentum k.
The scattering rate can be expressed as:
1
τζ,k
=
∑
ζ′,k′
(1− ζζ ′ cosφkk′)W ζζ
′
kk′
1− f(εζ′,k′)
1− f(εζ,k) , (B3)
where ζ ′ = ζ (ζ ′ 6= ζ) terms represent intra (inter) band
scattering processes. By using the electron-phonon cou-
pling in Eq. (3) and the matrix element amplitude in
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FIG. 8. Resistivity ρ as a function of temperature T . Twist
angle θ is, respectively, 1.3◦, 1.1◦, 1.09◦ and 1.05◦ in (a), (b),
(c) and (d). The Dirac velocity v∗F varies as a function of
θ. In each plot, solid lines are calculated based on Eq. (B7),
while dashed lines are obtained from Eq. (2).
Eq. (A9), we obtain the transition rate W ζζ
′
kk′ of the form:
W ζζ
′
kk′ =
2pi
~
F (θ)D2
A
~|q|2
2ρmωq
1 + ζζ ′ cosφkk′
2
∆ζζ
′
kk′ , (B4)
where the phonon momentum q is given by the electron
momentum change k′ − k. The factor ∆ζζ′kk′ enforces the
energy conservation:
∆ζζ
′
kk′ = Nqδ(εζ,k + ~ωq − εζ′,k′)
+ (Nq + 1)δ(εζ,k − ~ωq − εζ′,k′),
(B5)
where Nq is the bosonic phonon occupation number.
The energy-momentum conservation can be specified
as:
v∗F |ζ ′|k′| − ζ|k|| = vph|k′ − k|, (B6)
which requires v∗F > vph for ζ = ζ
′, but v∗F < vph for
ζ 6= ζ ′. Therefore, acoustic phonons with velocity smaller
(greater) than the Dirac Fermi velocity lead to electron
intra (inter) band scattering.
Finally, the resistivity ρ can be organized into the fol-
lowing expression:
ρ =
F (θ)D2
gsgvgle2~ρmv4ph
kBT∑
ζ=±1M(ζ)
. (B7)
The dimensionless term M(ζ) is the integral given by:
M(ζ) =
∫ ∞
0
dε
ε2f(ζε)[1− f(ζε)]2∫ ε′2
ε′1
dε′[1− f(ζ ′ε′)]h(ζ ′ε′ − ζε)
√
1− x20
,
(B8)
where ζ ′ = ζ if v∗F > vph and ζ
′ = −ζ if v∗F < vph. Other
terms in Eq. (B8) are defined as follows:
ε′1 =
|v∗F − vph|
v∗F + vph
ε,
ε′2 =
v∗F + vph
|v∗F − vph|
ε,
h(E) =
E|E|
exp[E/(kBT )]− 1 ,
2εε′x0 = ε2 + ε′2 −
( v∗F
vph
)2
(ζ ′ε′ − ζε)2.
(B9)
We calculate resistivity using Eq. (B7), and compare
the results with that obtained from Eq. (2). The compar-
ison is shown in Fig. 8 for four representative twist angles.
The two approaches with and without using quasielastic
approximation agree quantitatively with each other for
large twist angles where v∗F is at least a few times larger
than vph [Fig. 8(a)]. We find that Eq. (2) is accurate
in predicting the slope dρ/dT at temperature T > TL
for Dirac velocity v∗F down to about 1.5vph [Fig. 8(b)].
For v∗F . 1.5vph, Equation (2) overestimates the resis-
tivity [Fig. 8(c, d)]. We emphasize that the important
qualitative features of ρ(T ) remain for v∗F . 1.5vph; in
particular, ρ is linear in T for T > TL and the linear slope
dρ/dT is essentially independent of the carrier density n,
as shown in Fig. 8(c, d).
Appendix C: Superconductivity theory
We describe the detailed theoretical analysis of super-
conductivity in this appendix. We first elaborate on the
symmetries of the system, then discuss the classifica-
tion of pairing channels based on symmetries, and finally
present gap equations separately for each channel.
Because we focus on small twist angle around 1◦, the
moire´ period aM is more than 40 times the monolayer
graphene lattice constant a0. As a result, the atomic
scale commensurability can be neglected in the long-
wavelength approximation. The moire´ Hamiltonian in
Eq. (A1) is spatially periodic with the moire´ period aM .
The moire´ Hamiltonian also respects the D6 point group
symmetry. Twisted bilayer with D6 symmetry is real-
ized by starting from AA stacked bilayer graphene, and
then rotating the bottom and top layers by angles θ/2
and +θ/2 around one of the hexagon centers. Because
spin-orbit coupling is negligible in graphene, there is also
spin SU(2) symmetry.
In summary, the theory that we study for TBG has
moire´ translational symmetry, D6 point group symmetry,
spin SU(2) symmetry, valley U(1) symmetry and time-
reversal symmetry. Because of the spin SU(2) symmetry,
the pairing channels can be classified into spin singlet
and spin triplet. The point group symmetries further
distinguish s-wave from d-wave pairings in the singlet
channels, and p-wave from f -wave pairings in the triplet
channels.
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As we have discussed in Sec. III, acoustic phonons me-
diate effective attractive interactions in all four pairing
channels (s, p, d, f) in TBG, mainly because of (i) sublat-
tice pseudospin chirality and (ii) enlarged SU(2)×SU(2)
symmetry. Here the sublattice pseudospin chirality refers
to the sublattice and valley dependent angular momenta
under the three-fold rotation around zˆ axis:
Cˆ3ψˆ
†(r)Cˆ−13 = exp[i2piσzξz/3]ψˆ
†(R3r), (C1)
which can give rise to pairing channels with a finite or-
bital angular momentum.
In the following, we present the linearized gap equation
separately for s-wave, f -wave, d-wave and p-wave pairing
channels. The gap equation faithfully incorporates the
full moire´ band structure throughout the moire´ Brillouin
zone. Because of the enlarged SU(2)×SU(2) symmetry,
spin singlet s-wave channel and spin triplet f -wave chan-
nel have similar gap equations, and the same is true for
d-wave and p-wave channels.
s-wave pairing.— The s-wave channel has intrasub-
lattice spin-singlet pairing. The local pair amplitude is
defined as:
∆
(s)
` (r) = 〈ψˆ−σ`↓(r)ψˆ+σ`↑(r)〉 = −〈ψˆ−σ`↑(r)ψˆ+σ`↓(r)〉.
(C2)
We assume that the pair amplitude ∆
(s)
` is sublattice (σ)
independent, but we formally keep the layer (`) depen-
dence. We further assume that the pair amplitude has
the moire´ periodicity and therefore can be parametrized
using harmonic expansion:
∆
(s)
` (r) =
∑
b
eib·r∆(s)b,`, (C3)
where b is the moire´ reciprocal lattice vectors. The lin-
earized gap equation is then given by:
∆
(s)
b,` =
∑
b′`′
χ``
′
bb′∆
(s)
b′,`′ ,
χ``
′
bb′ =
2g0
A
∑
q,n1,n2
{1− nF [εn1(q)]− nF [εn2(q)]
εn1(q) + εn2(q)− 2εF
× [〈un1(q)|un2(q)〉b,`]∗〈un1(q)|un2(q)〉b′,`′
}
,
(C4)
where χ is the pair susceptibility is the s-wave channel,
q labels momentum within MBZ, n1,2 are moire´ band
indices in +K valley for one spin component, εn and
|un〉 are the corresponding energies and wave functions,
nF (ε) is the Fermi-Dirac occupation function, and εF is
the chemical potential. The overlap function 〈...〉b,` is the
layer-resolved matrix element of the plane-wave operator
exp(ib · r).
We calculate χ by including momenta b up to the third
moire´ reciprocal lattice vector shell, and by retaining only
the two nearly flat bands. The critical temperature Tc
is reached when the largest eigenvalue of χ is equal to 1,
and the theoretical Tc is shown in Fig. 6.
The eigenvector of χ with the largest eigenvalue spec-
ifies the spatial and layer dependence of the pair am-
plitude. For s-wave pairing, the pair amplitude is layer
independent and concentrated near AA regions in the
moire´ pattern following the normal state electron den-
sity in the flat bands [21].
The uniform susceptibility, i.e., the component of χ
with b = b′ = 0, has the standard g0
∫
dεN(ε)[1 −
2nF (ε)]/[2(ε − εF )] form, where N(ε) is the DOS per
spin and per valley. Therefore, the dimensionless BCS
coupling constant λ∗ can be defined in the usual way as
g0N(εF ).
f -wave pairing.— The f -wave channel has intrasub-
lattice spin-triplet pairing. The f -wave channel can be
further decomposed into three subchannels based on the
zˆ-componet spin quantum number Sz:
∆
(f,+1)
` (r) = 〈ψˆ−σ`↑(r)ψˆ+σ`↑(r)〉,
∆
(f,−1)
` (r) = 〈ψˆ−σ`↓(r)ψˆ+σ`↓(r)〉,
∆
(f,0)
` (r) = 〈ψˆ−σ`↓(r)ψˆ+σ`↑(r)〉 = +〈ψˆ−σ`↑(r)ψˆ+σ`↓(r)〉.
(C5)
The above three pair amplitudes ∆
(f,Sz)
` with Sz = 0
and ±1 are decoupled in the linearized gap equation,
and the susceptibility for each pair amplitude ∆
(f,Sz)
`
is the same as that for the s-wave channel as specified
by Eq. (C4). This is due to the enlarged SU(2)×SU(2)
symmetry. Therefore, s-wave and f -wave channels have
degenerate Tc for acoustic phonon mediated pairing.
d-wave pairing.— The d-wave channel has intersublat-
tice spin-singlet pairing with pair amplitudes specified
by:
∆
(+)
` (r) = 〈ψˆ−B`↓(r)ψˆ+A`↑(r)〉 = −〈ψˆ−B`↑(r)ψˆ+A`↓(r)〉,
∆
(−)
` (r) = 〈ψˆ−A`↓(r)ψˆ+B`↑(r)〉 = −〈ψˆ−A`↑(r)ψˆ+B`↓(r)〉.
(C6)
We again express the pair amplitudes using harmonic
expansion: ∆
(d)
` (r) =
∑
b e
ib·r∆(d)b,` , where the super-
script d = ± represents the two d-wave pairings in
Eq. (C6). The corresponding linearized gap equation is
given by:
∆
(d)
b,` =
∑
b′`′d′
χ
(b`d)
(b′`′d′)∆
(d′)
b′,`′ ,
χ
(b`d)
(b′`′d′) =
4g0
A
∑
q,n1,n2
{1− nF [εn1(q)]− nF [εn2(q)]
εn1(q) + εn2(q)− 2εF
× [〈un1(q)|σd|un2(q)〉b,`]∗
× 〈un1(q)|σd′ |un2(q)〉b′,`′
}
,
(C7)
where σ± = (σx ± iσy)/2 are the raising and lowering
operators in the sublattice space, and other terms have
the same meaning as Eq. (C4).
The operators σ± are closely related to the velocity
operator ∂H+/∂k. Near the magic angle, the velocity
of the flat bands is strongly suppressed, but the layer
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counter-flow velocity remains large [39]. Therefore, in the
leading d-wave instability, the pair amplitudes are phase
shifted by pi for the two layers: ∆
(d)
b (r) = −∆(d)t (r).[21,
56]
We calculate the d-wave susceptibility in a similar way
as in the s-wave case. The theoretical Tc for d-wave chan-
nel is shown in Fig. 6. At the critical temperature Tc for
d-wave, there are actually two degenerate states, which
can be classified into d+ id and d− id chiral states. The
real space texture of the pair amplitudes in the chiral
states is discussed in Ref. [56].
p-wave pairing.—The p-wave channel has intersublat-
tice spin-triplet pairing. Similar to f -wave channel, p-
wave channel can be decomposed into three subchannels
based on the spin quantum number Sz. Each p-wave sub-
channel has the same pair susceptibility as d-wave chan-
nel [Eq. (C7)]. Again due to the enlarged SU(2)×SU(2)
symmetry, d-wave and p-wave channels have degenerate
Tc for acoustic phonon mediated pairing.
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